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| ntroduction

* Traditional / formal approach:

1. . ‘
He(z,2',s) = 2mQq §(I2+$f2) + ¥ gie’d(s—s;) (1)
dx 0Hq
many ds dx’
sextupoles - (2)
ar’ _oHe
ds T

* Time, S, IScontinuous
. HC IS not conser ved

* How to handlethe deta function?
e \What useisthisformalism?

Reference

point azimuthal

coordinate
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Differ ence Hamiltonians

* Consider the Projected motion dueto one sextupole:

i

typical
sextupole

1§/

phase
advance

cos(a) sin(a) | [ x

ZE,

—sin(a) cos(a)

sext ref

Projection = R~ kick R

* Thenet motion isfirst order in ¢

Az —sglcx+sx

Az’ cglcx+sx
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e Thisissuccinctly described by a Projection Hamiltonian, H_ ...
B g "3
Hp = —g(cm-l—sm) (6)

e _.thatisshorthand for the DIFFERENCE motion

( Az ) ([ OHp)
Az o

/ &HE
'\AI) \ " di /

* TimeisNO LONGER continuous!
o If desired, H can be cast in action-angle coor dinates

Hp — % T3 sin(3(a + ¢)) — 3 sin(a + ¢)]  (8)
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* Extend to one-turn motion with many sextupoles....

Hy = 2rQyJ + ¥ Hp(J.¢) (9)
sexts
e ...wherethe One-turn Difference Hamiltonian H_ isdefined by
(7 (7 (_OH )
J J 1o
= + (10)
\ QS Jt+1 \ QB Jt \ %%I'l_ Jt
action, J
2nQ - - n "
N{ = * Thenet motion is" large
a1 a1 e H_isnot conserved

* \What useisthisformalism?

phase, ¢ By
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* ASid€e thisformalism easily extendsto 2-D (and other multipoles) -

It just gets messier !

Hy = ZWQ:EO Jy + _2’”@;0 J (11)
+ jilez'jkz JY2 J12 sin(key + 1 + diip)

* The above expressionsworksin general -
except in the presence of resonance islands, and/or chaos'!
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Use 1. " Distortion functions'

* The KAM surface of section issolved in general by

J(o) = Jy — EZA( Uik )J0/2 sin(ko + ¢;1,) (12)

A

action, J I()

e Determinefreevariables
V. and @ by

- design
- ssimulation/tracking
- beam measur ement

-

phase, ¢ I
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Use 2: Observabletime series

* Similarly, the equation of motion is solved by

J(t) = Jy — zizk'

( k Vi

i/2 . |
> Siﬂ(ﬂ'k’@g)] Jo'” sin(2mkQt + @y

(13)
* Thistimeseriesisdirectly observable, in smulation or real life...

‘TPl (T
— (14)

\YBPM2 )¢t =0,1, - 106 a‘?b)t:o,l, .- 100

e ...although it helpsif you have an AC Dipole!
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N-turn Hamiltonians

e |t isuseful to extend theformalism from " 1-turn" to" N-turn" ....

Hy = 2m(Qo—~)J + = Vi sin(kg+ oy (15)

(J‘n

(9

o ...1T Q, Iscloseto K/N becausethen the

K
N ik
(J‘n
tHN @)

_I_

1
N

DIFFERENCE motion isSMALL !!
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action, J

|
|
|
|
|
|

[
Z o

phase, ¢

e The N-turn Hamiltonian is a constant of the motion!

* Extracted particlesfollow contours, with a speed (step size)

proportional to the local steepness

* Appropriate and useful for Slow Extraction Design & Analysis
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Octupole half-integer extraction

e Similar to Tevatron slow extraction

octupole

odd integer
5 )

po= 21 (Qo —
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e Motion around first turn: kick & rotate

= e
' o v’ — g2’ |,
(:}: N (—1 —,u) x
') po=1 )2y,

e Second turnissimilar, for anet 2-turn motion of

N I 2p)(x
ol =2 1 )2
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0 2g3:3

(18)

)O (19)

12



e Succinctly described by 2-turn Hamiltonian H,

Hy = E(IQ-I-I!Q) + Iy (20)
2 4
* Or, in action-angle co-ordinates
Hy = pJ + gJ%sin'(o) (21)

* After expanding thetrigonometric exponent for many octupoles

Hy = puJ + [Vi + Vocos(20 + ¢o) + Vicos(4g + d4)] J?
(22)

« Complete parameterisation by (V ,V_V ,.¢,0,)!
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* For asingle octupole, closetothe Y2 integer, get

o
R
R
T’y

———
M

%

g
i /%//f -

‘h‘:h._:'"h..g

“h‘

e

i

P

* But, doesit work? (see demo)
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Sextupole third-integer extraction

po= 21 (Qy — 3) (23)

* After extending the previous analysis, and manipulating ...

g—Z#S_QI 1’4 r—+/3z"+ L 33—2—'“
o+ §(=2 = Loy s a—va+ L) (294))

* ...which becomesfamiliar when the RHSIszero - triangle!
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o Liketheoctupolecase, H_ isfirst order in sextupole strength

-10

0
Harizontal displacement, X

* UNLIKE theoctupole case, thereisno explicit detuning

* How well doesit work? (see demo)
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Summary

1)

2)

3)

4)

o)

Traditional " continuoustime" Hamiltonians ar e often
outperformed by discretetime" Difference Hamiltonians' .

One-turn Hamiltonians H_ generatelarge steps, and are

not constants of the motion, but connect to distortion
functions and observabletimeseries - eg, AC Dipole!

N-turn Hamiltonians H ~areconstructed from H . They
are conserved - follow the contours, measur e the steepness!

Design H, or H_ for half or third-integer slow extraction.

Watch out for applicability - eg, resonance islands, chaos!
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