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Abstract

In this paper, I study the feasibility of making a turn-
by-turn spin measurement to extract the spin tune from a
polarized beam injected perpendicular to the stable spin di-
rection. For the ideal case of a zero-emittance beam with
no spin-tune spread, there would be no spin decoherence
and a measurement of the spin tune could easily be made
by collecting turn-indexed polarization date of several mil-
lion turns. However, in a real beam there is a momentum
spread which provides a tune spread. With a coasting beam
the tune spread will cause decoherence of the spins result-
ing in a fast depolarization of the beam in a thousand turns.
With synchrotron oscillations the decoherence time can be
greatly increased, so that a measurement becomes feasi-
ble with summation of the turn-by-turn data from a reason-
able number of bunches (<∼100). Both the cases of a single
Siberian snake and a pair of Siberian snakes are consid-
ered. By using spin tune measurements for both the single
and double snake cases, we could vastly improve the cali-
bration of the optimum settings for the RHIC snakes.

INTRODUCTION

A pair Siberian snakes are used in each of the RHIC
rings[1] to lock the spin tune at 1/2 and to maintain a ver-
tical stable spin direction of the closed orbit. In order to
study the decoherence of spins in RHIC, it is proposed to
inject polarized protons into RHIC with polarization per-
pendicular to the stable spin direction. In principal, if the
polarization could be measured from turn to turn, then for
spin tunes near 1/2 we would see a spin flip every turn. Since
the polarization asymmetries are small, an accurate mea-
surement of polarization requires of order 107 events in the
CNI polarimeter. On a single bunch crossing in RHIC the
event rate at injection is more like one event every couple
of bunch crossings, so the observation of the spin rotation
will not be seen from turn to turn, but at least in some cases
it should be observable in the FFT of the signal over thou-
sands of turns. It only requires enough events to observe a
definite signal in the FFT, rather than a precise value of po-
larization. The signal can be enhanced by adding data from
multiple injections, since the injected polarization direction
will always be the same on the first turn. In this paper I
present preliminary simulations with a simple Monte Carlo
event generator for the polarimeter and simple spin track-
ing in order to understand how to analyze such turn-by-turn
polarization data.
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Figure 1: Typical initial Gaussian distribution of 300 par-
ticles in longitudinal phase space matched to the rf bucket.
With 45 kV in each of the two accelerating cavities, the
synchrotron frequency is about 23.5 Hz (Qsy = 3×10−4),
and the rms momentum fraction and bunch lengths are re-
spectively σp/p = 0.00116 and σz = 1.01 m.

The polarization of a bunch of N protons is defined as

~P =
1

N

N
∑

j=1

~Sj

|S|
(1)

where ~Sj is the spin vector of the jth proton and |S| is
the magnitude of a single proton’s spin vector. The unit
vectors x̂, ŷ, and ẑ are respectively in the radial, vertical,
and beam directions. The RHIC polarimeters are capable
of measuring only both components of polarization in the
transverse plane with projections vertical and radial projec-
tions Py = ŷ · ~P and Px = x̂ · ~P .

SIMULATION OF POLARIZATION
OSCILLATIONS

The decoherence of polarization was simulated by gen-
erating a Gaussian distribution in longitudinal phase of a
number of particles, typically N = 300 protons were gen-
erated, as shown in Fig. 1. The distribution was matched
to the rf bucket with RHIC parameters with an rf volt-
age of Vrf = 90 kV, harmonic number h = 360, tran-
sition gamma γt = 22.98, and ring circumference L =
3833.845 m. All particles were assumed to have the same
polarization at injection; however, a reduced factor of 50%
polarization was later applied before generating events in
the CNI polarimeter.

At fixed energy for the synchronous particle, the proton
spins were tracked with energy oscillations, but no betatron
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Figure 2: Layout of the six silicon detectors in the CNI
polarimeter. The six detectors cover an azimuthal angle of
about 7.6◦.

oscillations; the distribution of particles was assumed to
have zero transverse emittances. An average polarization
for the distribution was calculated every turn. This average
polarization was then projected onto the plane transverse
to the beam direction at the polarimeter, and random events
were generated and binned in azimuth into the six detectors
(see Fig. 2) and written to a file every turn. Typically, it was
assumed that on average there would be about one recoil
carbon detected every two bunch crossings. The binned
results for each turn were summed over multiple bunches
to increase statistics.

ONE SNAKE

For a flat ring with one snake, the spin tune νs may be
obtained from the one-turn spin rotation matrix. If we con-
sider the Blue Ring of RHIC (see Fig. 3), the rotation ma-
trix for a complete turn starting at the CNI polarimeter is

M = Rŷ(Gγθ2)Râ(µ)Rŷ(Gγθ1), (2)

where θ1 + θ2 = 2π with θ1 being the azimuthal location
of the snake relative to the CNI polarimeter.

The snake’s rotation axis is along along the unit vector

â = ẑ cosφ + x̂ sinφ,

For the bo3-snk7 and bi9-snk7 snakes the angle φ takes
nominal values π/4 and 3π/4, respectively. The rotation
matrix for a general left-handed rotation by an angle α
about a vector n̂ is given by

Rn̂(α) = I cos(α/2) + i(n̂ · ~σ) sin(α/2), (3)

with the usual Pauli matrices

σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, and σz =

(

1 0
0 −1

)

.

(4)
From the trace of the one-turn matrix, we get

cos(πνs) = cos(Gγπ) cos(µ/2), (5)

for a snake rotation angle of µ. If either Gγ is equal to
an integer plus 1/2 or µ = 180◦, then the spin tune will be
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Figure 3: Layout of RHIC polarization elements.

exactly 1/2. For small perturbations the spin tune deviation
is

δνs ' (−1)n+1 1
2
δΓ δµ, (6)

where

νs = 1
2

+ δνs, (7)

Gγ = n + 1
2

+ δΓ, (8)

µ = π + δµ (9)

and n is an integer. Since a rotation of π + δµ about a
vector n̂ is equivalent to a rotation of π − δµ about the
vector −n̂, the deviation of the spin tune from 1

2
could also

have the opposite sign. Then more generally, near a half-
integer tune we have

δνs ' ± 1
2

δΓ δµ.

We should be able to set the extraction energy within
0.05 of 46.5 in units of Gγ. I expect that the snake rotation
angles in RHIC are within 1◦ of 180◦.

By analogy with betatron oscillations, a spin chromatic-
ity may be defined as

ξsp = p
dνs

dp
= β2Gγ

dνs

d(Gγ)
. (10)

Figure 4 shows the variation of spin tune with one slightly
detuned snake. At the half integer resonance, the spin chro-
maticity is largest, so we should expect the largest decoher-
ence of spins perpendicular to the stable spin direction to
appear when Gγ is an integer plus a half.

At integer values of Gγ, the chromaticity is zero. Hav-
ing ξsp = 0 at the imperfection resonances allows complete
spin flipping of all the spins with a partial snake at integer
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Figure 4: Spin tune for a flat ring with one snake detuned
to µ = 179.5◦. Near integer values of Gγ the spin chro-
maticity ξsp approaches zero.

intrinsic resonances as in the AGS. The top plot of Fig. 5
shows decoherence of the spins without synchrotron oscil-
lations for several values of Gγ; note the shortest decoher-
ence time is at 46.5 with increasing decoherence times as
Gγ is increased towards 47.

With a momentum spread, the spins of different energies
precess at different rates and tend to move apart, but as the
energies oscillate, the energies of the lower and higher mo-
menta particles become reversed so that the spins which
have moved apart then move back towards each other. In
the lower plot of Fig. 5 synchrotron oscillations are in-
cluded so the spin coherence oscillates for Gγ away from
the integer, and at 46.5 the average decoherence time is
much longer than without synchrotron oscillations. To
make a quick estimate of the decoherence time in the num-
ber of turns, we can ask: how many turns does it take for
a +1σ particle in the momentum distribution to advance
180◦ ahead of the synchronous particle? This gives a rough
estimate of

Ndecoh '
1

πξsp(σp/p)

=
1

π × 0.20× 0.00117
' 1360 turns (11)

when there are no synchrotron oscillations. With syn-
chrotron oscillations the spins recohere after approximately
one synchrotron period:

1

Qsy

'
1

0.000299
= 3344 turns. (12)

Figure 6 shows the behavior of the tracking of Fig. 5 over
a much longer period with synchrotron oscillations. After
a while the oscillatory nature appears to have damped to
a value of about 60% of the initial polarization. Figure 7
shows an FFT of the simulated polarimeter events corre-
sponding to the tracking in Figure 6; with Gγ = 46.5, the
spin tune appears exactly at 0.5.
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Figure 5: Simulated spin decoherence with for a bunch of
300 particles with longitudinal emittance 0.3 eVs. Curves
of decreasing negative slopes from Gγ = 46.5 to 47
in steps of 0.1 are shown. The upper plot without syn-
chrotron oscillations shows a rapid decrease in polariza-
tion, while the lower plot with synchrotron oscillations
(Vrf = 90 kV, Qsy = 3 × 10−4) shows longer coherences
of an oscillatory nature for Gγ away from integral values.
In both cases, spins were tracked with the snake detuned
to µ = 179.5◦. The light vertical line in the upper plot
indicates the decoherence estimate of Ndecoh = 1360 as
described in the text.
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Figure 6: Total polarization with extended tracking of the
parameters shown in the lower plot of Fig. 5.
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Figure 7: FFT amplitude of the simulated polarimeter
asymmetry. νs = 0.50000. Gaussian bunches of 300 par-
ticles with an rms emittance of 0.3 eVs were generated for
Gγ = 46.5, and the snake was detuned to a 179.5◦ rota-
tion. The turn-by-turn results polarimeter from 30 bunches
were accumulated assuming an initial polarization of 50%
with a polarimeter asymmetry of 1%.
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Figure 8: Simulation of total polarization with a shift of
energy. Qsy = 3 × 10−4. A Gaussian distribution of 300
particles with an rms emittance of 0.3 eVs was generated
for Gγ = 46.6, and the snake was detuned to a 179.5◦

rotation. An exponential curve is plotted for reference with
a 1 s lifetime.

When the central energy is increased from Gγ = 46.5
to 46.6, the decoherence is stronger with the average po-
larization dropping well below the 60%-of-input value af-
ter 105 turns as shown in Fig. 8. A zoomed-in plot of the
first 16000 turns (Fig. 9) also shows the vertical projec-
tion of polarization. Figure 10 shows the simulated spin
tune (νs = 0.49956) obtained from an FFT of average po-
larization direction of 300 protons with a slightly detuned
snake. Synchrotron sidebands are also visible. In the FFT
of the corresponding simulated polarimeter data (shown in
Fig. 11) the peak for the spin tune is still evident, but the
synchrotron sidebands are too weak to be seen.
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Figure 9: Total and vertical projection of the ~P/P0 for
the first 16000 turns. This is a zoomed-in plot of the first
16,000 turns of data plotted in Fig. 8.
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Figure 10: Spin tune with synchrotron sidebands with
Vrf = 90 kV, and Qsy = 3 × 10−4 for 300 particles
generated with a longitudinal rms emittance of 0.5 eVs
at Gγ = 46.6. The snake was detuned to a 179.5◦ rotation.
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Figure 11: FFT amplitude of the simulated polarimeter
asymmetry. νs = 0.49956. Gaussian bunches of 300 par-
ticles with an rms emittance of 0.3 eVs was generated for
Gγ = 46.6, and the snake was detuned to a 179.5◦ rota-
tion. The turn-by-turn results polarimeter from 30 bunches
were accumulated assuming an initial polarization of 50%
with a polarimeter asymmetry of 1%.
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Figure 12: Injected polarization direction at CNI polarime-
ter in the first turn in the Blue Ring. At Gγ = 46, the
nominal injected spin direction is primarily longitudinal on
the first turn.

TWO SNAKES

With both full snakes in a RHIC ring, the stable spin di-
rection at injection is vertical, so to measure decoherence,
we would want to inject the bunches with horizontal polar-
ization. By transferring the polarization from the AGS at an
integer value of Gγ rather than an integer plus a half, the
spins will be primarily in the horizontal plane. Matching
of the transfer of polarized protons from AGS to RHIC has
been simulated at different energies to track the nominal
polarization direction from the AGS onto the closed orbits
of both RHIC rings right after the injection kickers[8]. Ex-
tending this to the first passage of the corresponding CNI
polarimeter during the first turn, yields Fig. 12 for the Blue
Ring and Fig. 13 for the Yellow Ring.

Since we would like to have a strong signal in the radial
direction, particularly if the spin tune is very close to 1/2,
the chosen injection energy should have a large radial com-
ponent of polarization on the first turn. Examining Figs. 12
and 13, the best energies closest to our normal operation
would occur at Gγ = 47 in the Blue Ring and Gγ = 46
or 47 in the Yellow Ring. For the purpose of these simu-
lations, I shall consider injection into the Yellow Ring at
Gγ = 46, with the polarization direction

~P0(CNI) =





−0.9936
−0.0290
−0.1090



 , (13)

at the Yellow CNI Polarimeter on the first turn.

SNAKE CALIBRATION

For a ring with a single snake, the spin tune may be ob-
tained from

cos(πνs) = cos(Gγπ) cos
µ

2
, (14)
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Figure 13: Injected polarization direction at CNI polarime-
ter in the first turn in the Yellow Ring. At Gγ = 46 the
nominal injected spin direction is almost completely radial
at the polarimeter on the first turn.

where µ is the rotation angle of the snake. The spin tune
is independent of the direction of the snake’s rotation axis
so long as the axis is in the horizontal plane. At integral
values of Gγ = n,

δν ' (−1)n δµ

π
, (15)

where µ = π + δµ and νs = 1/2 + δν.
For the two-snake case, the spin tune may be obtained

from

cos(πνs) = cos(Gγπ) cos
µ1

2
cos

µ2

2

− cos(φ1 − φ2) sin
µ1

2
sin

µ2

2
, (16)

where µ1 and µ2 are the rotation angles of the two snakes
and φ1 and φ2 are the corresponding angles of the snake
axes measured from the longitudinal z-axis in the horizon-
tal plane. Assuming that both snakes were constructed
identically, then with the same magnitude (but opposite
sign) currents, we have

µ = µ1 = −µ2, (17)

φ = φ1 = −φ2, (18)

which simplifies Eq. 16 to

cos(πνs) = cos(Gγπ) cos2
µ

2
+ cos(2φ) sin2 µ

2
. (19)

For small deviations from nominal settings this gives

δν ' cos(Gγπ)
(δµ)2

4π
+

2δφ

π
, (20)

with νs = 1/2 + δν, µ = π + δµ, and φ = π/4 + δφ.
As an example, a simulation with synchrotron oscilla-

tions of almost 4.2 million turns (222) at Gγ = 45.95
with the snakes detuned to have µ1 = µ2 = 179.5◦,
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Figure 14: FFT amplitude of the spin tune signal from 30
bunches of 300 protons tracked for 222 turns. The parame-
ters for this simulation were δµ = −0.5◦ and δφ = 0.25◦

for each snake, Gγ = 45.95, and Vrf = 90 kV. The resul-
tant spin tune from the simulation was 0.4972162.
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Figure 15: The data points are the FFT amplitudes calcu-
lated for the simulation of Fig. 14, but divided into 32 seg-
ments of 217 turns. The solid curve is the average polariza-
tion scaled to fit the FFT data. The scaling factor was fit to
be 0.0380± 0.0013.

φ1 = 44.75◦, φ2 = 135.25◦. Summing the signal for 30
bunches yields a very strong signal in the spectrum from
the simulated polarimeter data, as shown in Fig. 14. The
solid curve in Fig. 15 shows a magnitude of tracked po-
larization scaled by a factor of 0.038. When the simulated
polarimeter data for the 4.2 million turns is divided into 32
segments, the corresponding FFT amplitude of the peak bin
shows a similar decoherence over time time to the scaled
polarization magnitude. The scale factor was determined
from a least-squares fit of the the curve to the points in
Fig. 15.

So we see that the one-snake case is sensitive to the ro-
tation angle of the snake µ, whereas the two-snake case is
more sensitive to the snake axis direction φ. By combining
measurements for both cases we should be able to improve

the snake calibration.

CONCLUSIONS

This looks like it might actually work. Simulations of
spin decoherence from energy spread combined with a
Monte Carlo generator of the polarimeter signals show that
the spin tune may be extracted from turn-tagged polarime-
ter data by using a standard FFT algorithm. Given that the
signal does not decohere too quickly, it should be possible
to extract the spin tune with extremely high precision using
a modest number of bunches. Since these simulations only
include synchrotron oscillations, SPINK will be used to do
a more detailed tracking for the actual RHIC lattice with
oscillations in all three planes.

Measurements of the spin tune with a single RHIC snake
at injection at Gγ = 45.5 is sensitive to the snake rotation
angle (µ). With two snakes at Gγ = 46, the spin tune
at injection is sensitive to the rotation axes (φ) of the two
snakes, and rather insensitive to the snake rotation angles
(µ). By combining measurements of the two cases, a much
better calibration of the RHIC snakes should be possible.
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