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I;  Introduct ion. : .  

This  i s  a summary.of some notes  I made a couple  of  yea r s  ago i n  a n  

a t tempt  t o  ge t  an  elementary unders tanding .of  s t o c h a s t i c  cool ing .  Recent 

r e s u l t s  fromsthe ISR, of  which I a m  only  vaguely aware, a r e  not  included.  

1 2 
van de r  Meer and Palmer have examined t h e  p o s s i b i l i t y  of  damping 

incoherent  beam o s c i l l a t i o n s  by e l e c t r o n i c  feedback ( s t o c h a s t i c  cool ing) .  

Th i s  circumvention of  L5ouvi l le ' s  theorem i s  .achieved by observing t h e  mean ' 

l a t e r a l  p o s i t i o n  of  a sample?N of t h e  N c i r c u l a t i n g  par t ic les .  

might t y p i c a l l y  be e 10 

length  downskream, a momentum k i c k  i s  app l i ed  t o  move t h e  mean t r a n s v e r s e  

momentum toward zero .  Af t e r  any ? rea l "  coherent  o s c i l l a t i o n s  have been. 

damped t h e  system ope ra t e s  onpthe sensed s t a t i s t i c a l  f l u c t u a t i o n s  of  t h e  

mean beam p o s i t i o n  of t h e  f i n i t e  number,-N, of ! the p a r t i c l e s  sampled. 

(N/NT T -5 
.) Approgimately oneqquarter  of  a betatron.wave-  

I n  Sec t ion  I1 I review t h e  damping o f  coherent  o s c i l l a t i o n s  and i n  

Sec t ion  I11 t h e  damping o f  incoherent  o s c i l l a t i o n s .  

some poss ib l e+prob lem areas which need f u r t h e r  s tudy.  

N o t a t i o n . s i m i l a r  t o  Palmer 's  i s  used below. 

Sec t ion)  I V  po in t s  out  

2 

11. Coherent Damping, 

A t  some machine azimuth t h e  'man beam t r a n s v e r s e  p o s i t i o n  i s  sensed and 

a t  some ang le  8 ( i n  b e t a t r o n . * o s c i l l a t i o n  phase space) downstreamia momentum 

kick ,  p ropor t iona l  t o  t h e  sensed,mean beam p o s i t i o n ,  i s  app l i ed  t o  move ( i n  8 

t h e  impulse approximation) the,mean-beam momentum toward zero .  T r a n s i t  

t i m e  spread between sens ing  and c o r r e c t i n g  s t a t i o n s  i s  ignored he re  as are  

the t e c h n i c a l  problems,of  g e t t i n g  t h e , c o r r e c t i o n  s i g n a l  t o  a r r i v e  a t  t h e  

2 

- 
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c o r r e c t i n g  s t a t i o n  a t  the’  proper t i m e  w i th  s u f f i c i e n t  ,band-pass. 

Figure81 i s  a diagram of the’>motion o f . t h e  mean beam p o s i t i o n  i n  be t a -  

t r o n  phase space.  . Un’its of -y’  a r e  chosen s o  t h a t  t h e , o r b i t s  a r e  c i r c l e s .  

Fig.  1 

B 

A t . p o i n t  A a p o r t i o n - o f  the ,beam i s  w i t h i n  t h e  sens ing  s t a t i o n  and a mean 

l a t e r a l  p o s i t i o n ,  r cos cy, i s  de t ec t ed .  

momentum kick ,  by’, i s  g iven  (poin t  B ) .  

image fo rces .  Then 

A t  an  angle , .  0 = (y + p, l a t e r  a 

For t h e  moment w e  ignore  no i se  and 

iiy: = a r .  cos (y I 
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(a i s  t h e  "gain" of  t h e  feedback .system) a n d .  

Averaging over a l l d i n i t i a l  phases,  cy¶ 

w e  .ge t  

p e r  pass  through t h e  system. From (1.) wefsee t h a t  damping o b t a i n s  f o r  

3 with  optimum I damping f o r  a = s i n  8 .  
2 %  

Consider now t h e  e f f e c t  of  no i se  i n  t h e  system. Define (b  ) as t h e  
2 Palmer" quotes  sens ing  n o i s e  i n  u n i t s  of  t h e  RMS p o s i t i o n J o f  one par t ic le .  

t h e  I S R  va lue  (b  ) = 10 cm, i .e .  t h e  RMSbterror i n  sens ing  t h e  mean.posi-  2 %  4 
4 t i o n  of  10 p a r t i c l e s  i s  1 cm. The expec ta t ion  va lue  of  t h e  no i se  contribu-.  

t i o n  t o  r' i s  then  ~¶ and - 2  a2( b2) 

N. 

2 2 2  -2 2asin0-a a ( b . ) )  
(r ) p , =  (1 - 2 + N2;2 / 

and :damping o b t a i n s  . f o r  

I f .  (;-;I)/; pe r  pass  through ithe system i s  small Eq. (2) can be w r i t t e n  

(we , d rop ,  t h e  n o t a t i o n  ( ) f o r  s i m p l i c i t y )  
P 
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2 2 2  2asin0-a a ( b , ) )  
'+ 2-2 ¶ 

2N r 4 r '  z? r (1 - 

and i f  a . d r i v i n g  t e r m  due, e.g. ,  t o  image fo rces  exis ts  

2asin0-a 
4 .  + 2-2 2N r . 

( 3 )  ; .  

I 

A can be  a func t ion  of  t h e  vacuum\chamber parameters, az imutha l  ex ten t  of t h e  

sens ing  s t a t i o n ,  e t c .  Ignored h e r e  i s  any. p o s s i b l e  b e n e f i c i a l  Landau damping 

d u e l t o  momentum and p spread.  From Eq. ( 3 )  damping o b t a i n s  f o r  ( s i n  I3 e 1) 

2hN 2 ( 1  - AN) I 2 a 2 
(b2) 0. 

+ 2-2 
N r  

+ 2-2 
N r  

111; Incoherent  Damping 

We use van d e r  Meer's method o f  averaging  over.a. l l~comb_hna~ions o f . ampl i -  

t u d e b a n d  phase. It i s  assumed t h a t  t h e r e  i s  s u f f i c i e n t  t r a n s i t  t i m e  spread 

per  r e v o l u t i o n  so t h a t  t h e  samples, N, are s t a t i s t i ca l ly ' t i ndependen t  ,fromqone 

r e v o l u t i o n  t o  t h e  nex t . ,  Consider Fig. 1; a t  p o s i t i o n  B, i n  phase space,  a 

momentum kick ,  by', p ropor t iona l  t o  t h e  y coord ina te  o f  t h e  c e n t e r  of g r a v i t y  

a t  po in t  A ,  i s  g iven  t o  t h e  beam c e n t e r  of  g r a v i t y .  

the c e n t e r  of g r a v i t y  a t  po in t  B are, .% 

The. y,y' coo rd ina te s  of  

1 1 - N ( ~ r c o s p ) ,  (x r s ing )  , 

_ _ ~  - 
- where t h e  - s u m a t i o n s  a re  _ _ _  o v e r , a l l  p a r t i c l e s .  A f t e r  t h e  k i c k  t h e  new coord ina te s  ~- - , 

- 

of  t h e  i - t h  p a r t i c l e  are (Ly], Cy!]), 

W e  t a k e  t h e '  square  of  t h e  new amplitude,  sum.over i and d i v i d e  by N.4 Then 
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2 _ _ ~  
I - i n t e g z a t i n g  __ o v e r  a l l  p o s s i b l e  combinations; of  r and - 

w e  ge t  ( c ros s  terms do not  c o n t r i b u t e )  

t o  eva lua te  - -  (Crcosp) 
2 

and (Crsing) 0 
o 2N , ( 4 )  

The f u n c t i o n a l  s i m i l a r i t y  t o  Eq. (1) sugges ts  tha t  t h i s  r e s u l t  could have 

been a r r i v e d  a t  more?simply.  

average  va lues ,  use t h e  Ergodic theorem.  - t o  o b t a i n  Eq. ( 4 )  d i r e c t l y  from 1 

Indeed it appears  t h a t  w e  c a n , ' f o r  p r e d i c t i n g 2 .  
6 , ~  

Eq. (1). 

I f  w e  i nc lude  noise ,  set 8 E E I - T / ~ ,  and .assume.a  i s  small, 

and- the  system damps f o r  

w i th  a n  optimum :gain 

2 .  
NO 

2(b2) 
a =  

The optimum damping pe r .pas sage . th rough  t h e  system i s  

O r .  

g iv ing  
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2 2  w i t h  a 1 /2  fo ld ing  t i m e . ( i n  r evo lu t ions )  of 8(b )/o (0). 
can be  maintained o n l y ( i f  a 

Otherwise o(t) w i l l  ' a symtot ica l ly  approach ~(o)/J2. 

Note t h a t  t h i s  r a t e  

i s  programmed t o  dec rease  p ropor t iona l1y : to  o(t) .  
0 

IV: P o s s i b l e  Problems 

W e  have made a number of s impl i fy ing  assumptions,  among them: 

a )  A smooth d i s t r i b u t i o n  i n  phase space.  I f  t h e r e  i s  any "lumpiness" 

i n  t h e . p h a s e  space d e n s i t y  due, e.g., t o  nearness  t o  a nonl inear  resonance, 

and i f  t h e  sens ing  and c o r r e c t i n g  s t a t i o n s  have s u f f i c i e n t  h igher  moment.sen- 

s i t i v i t y ,  antidamping of beamsenvelope o s c i l l a t i o n s  could occur.  Also,  i f  

t h e  d i s t r i b u t i o n  i n  phase space is  non-smooth' the e v a l u a t i o n  o fb (Crcos8 )  

(Crsing) 

i .e. a dependence on t h e  a b s o l u t e  o r i g i n . i n  t i m e  so  t h e  Ergodic theorem could 

not  b e  app l i ed .  

2 and 
2 i s  ( t o  m e )  obscure.  Th i s  a l s o  impl ies  a non-s ta t ionary  process ,  

b) %Only  the mean square  n o i s e  has  been considered.  I n  practice b would 

probably be  d i s t r i b u t e d  s i m i l a r l y  t o  t h e  Rayleigh d i s t r i b u t i o n  wi th  a probabi l -  

i t y  d e n s i t y  func t ion  

2 '  2 2b 
~ X P  (-b / ( b  .)) , P(b) F- 

(b2) 

and o n e m i g h t  expect  t h i s  t o  1 e a d . t o  a long t a i l e d  d i s t r i b u t i o n  i n . p a r t i c l e  

pos i t i on .  

i n  l a r g e  number, t h e  Cen t ra l  I i i m i t  theorem would p r e d i c t . t h a t  t h e  d i s t r i b u t i o n  

i n  y' (and :y)  approaches t h e  Normal d i s t r i b u t i o n .  I f  t h e  beam has some in i - .  

t i a l  y (due, e.g., t o  shaving) any n o i s e  w i l l  popula te  t h e  r eg ion  y>y 
max max 

However s i n c e  the . .no ise  c o n t r i b u t i o n s  t o  y '  (and y)  a re  small and 

c)  Only damping i n  two dimensional  phase space has  been considered:  

I f  t h e r e  i s  mixing i n  s ix  dimensional  phase space,complicat$ons could r e s u l t .  

d)  Bandwidth cons ide ra t ions .have  been ignored.  To damp incoherent .  os- 

c i l l a t i o n s  $a  l a r g e  bandwidth . i s  required. .  Assuming t h a t  t h e  bandwidth (and 

noise)  o f  t h e  system i s  set  by5the RC o f < . t h e  sens ing  s t a t i o n , . d e t e r i o r a t i o n  

of t h e  s i g n a l  t o  n o i s e  r a t i o  w i l l  s t a r t7  a t  . f requencies  f 2 (ZnRC)-','which 

i s  j u s t  the frequency needed t o  " ins tan taneous ly"  sample t h e  f l u c t u a t i o n s  of  

t h e  N par t ic les  w i t h i n  t h e  s t a t i o n .  Since C w N (i..e. t h e  length  of  t h e , s t a -  

t i o n ) . o n e  may reduce t h e  bandwidth a t  t h e  expens.e of damping t i m e  but  t h e  

d e t e r i o r a t i o n  of  t h e  s i g n a l  t o  n o i s e  r a t i o  w i l l u  remain. 
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V. Conclusions 

For an  '!ideal" system s t o c h a s t i c  cool ing  seems . t o  work, but  t e c h n i c a l  

d k f f i c u l t i e s  may l i m i t  i t s  usefu lness .  Computer s imula t ions  of  "non:ideal" 

systems could be . in fo rma t ive  i f  round-off e r r o r s ,  e tc .  can be  kep t  small. 

enough. 
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Phys ica l ly ,  t h i s  is  d u e * t o  t h e  f a c t  that  i n  the absence of  any phase 

i n f o r m a t i o n , t h e  b e s t  b e t  i s  (y = 0 s i n c e  the p r o b a b i l i t y  d e n s i t y  d i s -  
1 I t r i b u t i o n  o f  y i s  - 2 ,  . 

Tr(r -Y 1 
1 2  
Nj 1 

Actua l ly  - C r .  i s  a b iased  e s t ima to r  o f  2 but .  s i n c e  N>>1 t h e . p o i n t  i s  

academic. 

Using P a r s e v a l ' s  theorem, see e.g., E.T. Whit taker  and !G.N. Watson, 

"Modern Analysis", '  Cambridge, N.Y. 

Roughly, t h e  Ergodic theorem s ta tes  t h a t  averages  performed i n  t i m e  o n .  

a t y p i c a l  member of  a system g ive  t h e  same r e s u l t s  as corresponding 

averages taken  over the ,  system a t  t h e  same moment, i .e.  t i m e  and -ensem- 

b l e  averages a re  equ iva len t  ,under s u i t a b l e  cond i t ions .  See e.g.  J .L.  

Doob, "S tochas t i c  Processes",  Wiley, N.Y. 

Another way of  looking a t  t h i s  i s  that  t h e  impulse approximat ion<breaks  

down when t h e  pa r t i c l e  t r a n s i t  t i m e  through t h e  s t a t i o n  approaches t h e  

system r i se  t i m e .  - 
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